UNWINDING SPIRALS I
ALEXANDER FISH AND LAURENTIU PAUNESCU

ABsTRACT. We show that there is no bi-Lipschitz homeomorphism of R? that
maps a spiral with a sub-exponential decay of winding radii to an unwound
arc. This result is sharp as shows an example of a logarithmic spiral.

1. INTRODUCTION

In this paper we consider a natural question whether it is possible to find a bi-
Lipschitz homeomorphism from R? to R? that will map a given continuous curve C;
onto another continuous curve Cy. Recall that h: R? — R? is called a bi-Lipschitz
map with constant L > 0, if it satisfies for all z,y € R%:

1
7z =yl < [h(z) = h(y)ll < Lilz -yl

Let ¢ : [0,00) — (0,1] be a continuous function monotonically decreasing to
zero. Then we correspond to ¢ the spiral Cy:

Cy(t) = p(t)e”, t € [0, 00],
where Cy(0c0) = {(0,0)}, see Figure 1.

FIGURE 1. A spiral.

Cy is the logarithmic spiral if ¢(t) = e~ for a > 0. We will define the notion of
an unwound curve around a point in R?, after introducing the concept of asymptotic
directions for a set A € R? around a point p € A.
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Definition 1.1 (asymptotic directions at p). The set of asymptotic directions in
A at p is defined by

Dy(A) = {u € 541 3(a,) € A with a,, — p, and ﬁ — u} .
ap —p

We will denote by D(A) the set of asymptotic directions in A at the origin of R<.

Definition 1.2 (unwound curve). We will say that a curve C C R? is unwound
at p if D,(C) # S*.

In this paper we will address the question of the existence of a bi-Lipschitz
homeomorphism of R? that maps the spiral Cy of a finite length onto an unwound
curve. Spirals and spiral maps are very important object in geometry and have
been used extensively to provide counterexamples to many natural conjectures, see
for instance [G], [FH|. It is well known fact that it is possible to 'unwind’ the
logarithmic spiral, see [KNS]:

Theorem 1.1 (unwinding of the logarithmic spiral). There exists a bi-Lipschitz
homeomorphism of R? which maps the logarithmic spiral onto {(t,0)]0 <t < 1}.

However, it seems to be unknown, whether it is possible to 'unwind’ a spiral
with a sub-exponential decay of the radius-vector. We recall the notion of the
sub-exponential decay.

Definition 1.3 (sub-exponential decay). Let ¢ : [0,00) — (0,1] be a function
monotonically decreasing to zero. We say that ¢ decays sub-exponentially fast if
g (0) 5 0 ag n — .

n

Notice that the rate of decay of the function ¢ corresponding to the logarithmic
spiral is exponential. Our main result is the following:

Theorem 1.2. Let ¢ : [0,00) — (0, 1] be a function monotonically sub-exponentially
decaying to zero. Then there is no bi-Lipschitz homeomorphism of R? which maps
Cy into an unwound curve. Le., for every h : R* — R? a bi-Lipschitz homeomor-
phism we have

Di0,0) (h(Cy)) = St

Let Cy be a spiral with a sub-exponential decay of the radius-vector. It is not
hard to see by use of the ’length’ of the curves and the triangle inequality, see
Section 4, that there is no bi-Lipschitz homeomorphism of R? that sends Cy to the
segment {(¢,0)|0 < t < 1}. However, the impossibility of unwinding in general
case requires a substantially harder argument. We will use the notion of the cone
at pe A C R4

Definition 1.4 (cone at p). The cone at p of A is
LD,(A) = {tu|u € D,(A),t > 0}.
In the case of p = Opa we will denote the cone at zero by LD(A).

Theorem 1.2 follows easily from the following claim.
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Proposition 1.1. Let h : R? — R? be a bi-Lipschitz homeomorphism with h(Og2) =
Oz, and let ¢ : [0,00) — (0,1] be a function monotonically sub-exponentially de-
caying to zero. Then there exists a bi-Lipschitz homeomorphism h of R%, such that
E(Sl) C LD(h<C¢)), and E(OR2) = Oga2.

Proof of Theorem 1.2. Let us assume that ¢ : [0, 00) — [0, 1] is a function of a sub-
exponential decay monotonically decreasing to zero. If there exists a bi-Lipschitz
homeomorphism A : R? — R? that sends the spiral Cy to an unwound curve then
for the bi-Lipschitz map h(z) = h(z) — h(0Og2) we will have
D(I(Cy)) # 5.

By Proposition 1.1 there exists a bi-Lipschitz map h of R? with & (S*) C LD(h(Cy)).
By the assumption h 'unwinds’ C, therefore LD(h(Cy)) is a proper cone in R2. Tt
follows from the Jordan curve theorem that the image of S' under a Lipschitz home-
omorphism of R? mapping zero into zero is not inside a proper cone. Assume, on
the contrary, it is mapped inside a proper cone. By Jordan curve theorem the image
of S' divides the plane into two connected components. Since the map is open it
follows that the connected component of the image of the disk {(x,y)|z? +y? < 1}
is in unbounded connected component, since it contains the complement of the

cone. But the map is a homeomorphism, and we get a contradiction.
O

Acknowledgment. The authors are grateful to Sheehan Olver for his help with the
drawings used in this paper, and to an anonymous referee for valuable suggestions,
and especially, for posing Question 2.

2. PROOF OF PROPOSITION 1.1

Given a spiral Cy, we will define the sequence (r,,) of winding radii corresponding
to it as follows:

r1 = ¢0), ro = d(27), ..., T =027 (n —1)),....

In Section 3 we will show:

Lemma 2.1. Let (r,) be a sequence of a sub-exponential decay monotonically de-
creasing to zero. Then there exists a subsequence of indices (ny) (of density one),

such that
Tnk +1

Tn

— 1, as k — oo.
k

In view of Lemma 2.1 it is natural to define the following notion.
Definition 2.1 (regular sequence). We say that a positive monotonically decreas-
ing to zero sequence (r,) is regular if there is a subsequence of indices (ny) such
that (r,,) satisfies the property:
lim Tt g
k—o0 Tng '

Next, we define a key property used in this paper.

Definition 2.2 (5/'5\’173 condition). We say that p € A satisfies a sub-sequence se-
lection property (SSP) if the following holds:
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e J(r,) regular sequence of radii (around p).

e For every u € Dp(A) there exists a sequence (a,) C A such that r,y; <

llan, — p|| < 7y, for n large enough, and HZTL:ZH — u as n — oo.
n

As an immediate consequence of Lemma 2.1 we obtain the following implication.

Corollary 2.1. Let ¢ : [0,00) — (0, 1] be a function monotonically sub-exponentially
decreasing to zero. Let (r,) be the winding radii corresponding to the spiral Cy.

Then p = {(0,0)} € Cy, satisfies the (S/’S\’]/D) condition.

Proposition 1.1 follows immediately from the following claim and Corollary 2.1.

Proposition 2.1. Let A C R? and let h : R? — R? be a bi-Lipschitz homeo-
morphism which satisfies h(Oga) = Oga. Assume that Oga € A satisfies the condi-
tion (gg_ﬁ) Then there exists a bi-Lipschitz homeomorphism h of R such that
E(ORJ) = ORd and

h(D(A)) C LD (h(A)).

Proof of Proposition 2.1. Let Oga € A be satisfying condition (§,S\'73) Assume that
h: R? — R? is a bi-Lipschitz homeomorphism with h(Oga) = Oga. Let (r,,) be a
regular sequence of radii around Og« such that for every u € D(A) there exists a
sequence (a,) C A such that r, 1 < |lay,| < r, for n large enough, and HZ—:” —u
as n — o0o. Then there exists (ny) subsequence of indices such that

T 1
el 1 as k — oo

Tng,

Denote by (hg) a sequence of bi-Lipschitz homeomorphisms defined by hi(z) =
%h(rnkx) By Arzela-Ascoli theorem, since all these maps have the same Lipschitz
ok

gohstant, there is a subsequence along which the limit exists. Denote the limit by
h, and without loss of generality, assume that hy — h. It is clear that h is a
bi-Lipschitz homeomorphism of R? (having the same Lipschitz constant as h).

Next, take any u € D(A). Then for k € N large, a,, € A satisfies
(1) lan, — ro,ull < r,,
by the triangle inequality and the identity
lan, = llan, [[ull < llan,|-
Now we apply h on the inequality (1) and use the Lipschitz property of h, to obtain
1

Bln,) — ——h(ra,u)

Tny Tny

— 0, as k — oo.

Therefore, we have ——h(a,,) — h(u), which shows that there exists s > 0 with
sh(u) € D(h(A)). In other words, we have shown that h(u) C LD(h(A)). O
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3. PROOF OF LEMMA 2.1

Let a, = % Then a,, is an increasing sequence, and a, < g(n) satisfying

W — 0, as n — oo. It is enough to show that there exists a sparse set of

indices R C N, such that the sequence b,, = % converges to one as n — oo and
n € N\ R. For every m € N, denote by
1
2140}
m

Rm—{nEN| p

Our first claim is the following.

Claim 3.1. For N large enough (independent of m) we have
|R N1, N]| < 3mln(g(N)).

Proof. For any fixed (large) N, denote by ¢ = |R,, N [1, N]|. Since the largest
possible index contained in R,, N [1,N] is N, and (a,) is an increasing sequence,

we get the bound
1 c—Nyo
an Z (1 + ) )
m

where n, is the smallest n for which a,, > 1. On other hand, we also have ay <
g(N). The last two inequalities imply that

(¢ —no)log (1 + %) <In(g(N)).

This implies ¢ — n, < @) < 9, In(g(N)), where in the last inequality we used

= 1 (1+$)
the easy fact that 1n(1+x) < %, forO<z<1.
Thus, we have for N large enough (independent of m) that ¢ < 3mIn(g(N)), which
finishes the proof of the claim. O

Next, we define the sets R, C N of indices in the following way:
R:n =R, N [fl(m)voo)a
where f; : N — Nis very fast increasing function satisfying that In(g(n)) f2(n) < n,
where
f2(n) = min{m € N| f1(m) > n}.
And, finally, let
R=Upn>1R,,.
We will show that R is a set of density zero. It is clear that
oo and n € N\ R. Our final claim shows the sparsity of R.

an+1

— 1, asn —

Claim 3.2. For N large enough we have |[RN [1, N]| < 3In(g(N))f3(N).

Proof. First, notice that for any given N, the only contributors to R N [1, N] are
from the sets R}, R, ..., R, where L = fo(N). Therefore, by use of Claim 3.1, we
estimate

L L
RN [1 Z ZR N1, N

L
< 3 3mIu(y(N)) < 322 n(g(N)) = 3In(o(N) (),
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for N large enough. (]

4. UNWINDING SPIRALS TO STRAIGHT SEGMENTS

We will give an elementary argument for the following special case of Theorem
1.2.

Proposition 4.1. Let ¢ : [0,00) — (0, 1] be a function monotonically sub-exponentially
decaying to zero. Then there is no bi-Lipschitz homeomorphism of R? which maps
Cy into the line segment {(¢,0)]0 <t < 1}.

We will use the notion of the length for a curve. Let h : R?> — R? be a bi-
Lipschitz map. Let I = [a,b] be a subinterval of {(¢,0)|0 < ¢ < 1}. By a finite
partition P of I we mean tg = a < t; < ... < t = b. To the partition P we
correspond the approximate length of h(I) along P as follows:

k
Lo(h1)) = 3 Ih(t;) = hit;-).|

Then the length of h(I) is defined by

L(h(I)) = sup Lo(h(I)).
P is a finite partition of 1
Notice that if h(I) is a rectifiable curve, then the usual length coincides with the one

that we just defined. If h has Lipschitz constant L, then we have % < L(h(I)) <
L|I|, where |I| denotes the length of I equal to b — a.

Proof of Proposition 4.1. Let us assume that there exists a bi-Lipschitz homeomor-
phism % of R? with Lipschitz constant L that sends a spiral Cy, satisfying the sub-
exponential decay condition on winding radii, to the line segment {(¢,0) |0 < ¢ < 1}.
Without loss of generality, we can assume that h(Cy) = {(¢,0) |0 <t < 1}. Then
by Lemma 2.1 from the sequence of winding radii (r,,) corresponding to the spiral
Cy we can extract a subsequence (r,, ) such that

r
(2) etl 51, as k — .

T
Then we look at the closed curve I'y, in R? comprising the part of the spiral I'}

between the radii r,, and 7,,+1, and the line segment I connecting 7,1 and
Tn,, see Figure 2.

Since the length of I', is greater or equal than r,, +1, it follows that |h(I})| >
T2 - On the other hand, |I| = 7, — 7,41 < Ty, 41 by (2). Therefore £(h(I),)) <
L|Ii| < ry,+1. Notice that h(I'}) is mapped into the straight segment which is the
geodesic connecting the points h((r,,,0)) and h((r,,+1,0)) in R2. The endpoints
of h(I}) coincide with the endpoints of h(I'},), and therefore we must have

L(M(Ix)) = |h(T})],
which is impossible. This finishes the proof of the proposition.
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FIGURE 2. The curve I'y =T, U I}.

5. APPENDIX — REMARKS ON THE (SSP) CONDITION

The sequence selection property (SSP) condition for the set of directions at a
point p € A C R? was introduced by Koike and the second author in [KP1], and
has been studied in [KP1], [KP2] and [KP3].

Definition 5.1 ((SSP) condition). The set of directions at p € A C R? satisfies
(SSP) condition if for every u € D,(A) and every positive sequence (¢,,) decreasing
to zero, there exists a sequence (a,) € A such that

[(an = p) = toull < max([lan = pll; tn)-
It is proved in [KP3] the following.

Proposition 5.1 (Lemma 2.9, [KP3|). Let h : R? — R? be a bi-Lipschitz home-
omorphism with h(p) = p, forp € A C R?, and p € A satisfies (SSP) condition.
Then there exists a bi-Lipschitz homeomorphism h of R% such that h(LD,(A)) C
LD,(h(A)), and h(p) = p.

The main consequence of Proposition 5.1 is that for any reasonable (satisfying
the monotonicity property along Lipschitz maps) notion of the dimension in R?, we
will have the following.

Corollary 5.1. Let h : R? — R? be a bi-Lipschitz homeomorphism with h(p) = p,
and let A C R, If p € A satisfies the (SSP) condition, then

Dim(LD,(A)) < Dim(LD,(h(A))).

The sub-exponential decay condition on ¢ does not guarantee that Cy satisfies
the (SSP) condition. Notice that the conclusion in Proposition 2.1 is much weaker
than in Proposition 5.1. We can obtain almost the same conclusion as in Proposition
5.1, if we will require slightly more from a regular sequence of radii (r,,) appearing in
the definition of the SSP condition. It is not hard to prove the following statement
by use of the similar techniques as in the proof of Proposition 2.1.

Proposition 5.2. Let h: R? — R be a bi-Lipschitz homeomorphism with h(p) =
p. Assume that p € A satisfies (SSP) condition. In addition, assume that the
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regqular family of radii (r,) has the property that there exists M > 0 with

sup In 7 ol < M, for all m € N.

n>m 'm — T"'m+1
Z“hen there exists a bi-Lipschitz homeomorphism h of RY with h(p) = p such that
hL<1Dp(A)) C LDy(h(A)), where L<1Dp(A) = {tu]|0 <t <1l,u € D,(A)}.

As a corollary of Proposition 5.2 we obtain the following.

Corollary 5.2. Let h: R? — R? be a bi-Lipschitz homeomorphism with h(p) = p,
and let A C RY. If p € A satisfies the (SSP) condition with the sequence of radii
(rn) satisfying

sup Tn ~ Tntl < M, for allm € N.

n>m T'm — Tm+1
Then

Dim(LD,(A)) < Dim(LD,(h(A))).

The following natural question will be addressed in [FP2|.

Question 1. Is it true that the conclusion in Corollary 5.2 still holds true under
a weaker assumption that p € A satisfies the (SSP) condition?

We finish the Appendix with another natural question related to Definition 1.2.

Question 2. Can we find a spiral C C R? around the zero which can be unwound
by a bi-Lipschitz homemorphism of R?, but cannot be unwound into a line segment?

The answer to Question 2 is affirmative, and it will be presented in [FP2].
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